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Abstract. If is a Drinfeld module over a local function field L, we may view 
as a dynamical system, and consider its filled Julia set </> FJ (L). If <f>°(L) is 
the connected component of the identity, relative to the Berkovich topology, 
we give a characterisation of the component module <f> F 3 (L) / cf> (L) which is 
analogous to the Kodaira-Neron characterisation of the special fibre of a Neron 
model of an elliptic curve over a non-archimedean field. In particular, if L is 
the fraction field of a discrete valuation ring, then the component module is 
finite, and moreover trivial in the case of good reduction. 

In the context of global function fields, the filled Julia set may be considered 
as an object over the ring of finite adeles. In this setting we formulate a 
conjecture about the structure of the (finite) component module which, if 
true, would imply Poonen's Uniform Boundcdncss Conjecture for torsion on 
Drinfeld modules of a given rank over a given global function field. Finally, 
we prove this conjecture for certain families of Drinfeld modules, obtaining 
uniform bounds on torsion in some special cases. 

1. Introduction 

Let F/Q be a number field, and let E/F be an elliptic curve. It follows from 
the Mordell-Weil Theorem that the torsion subgroup E Tms (F) of the group of ir- 
rational points on E is finite, but something much stronger is true. A well-known 
result of Mazur [14] , in the case F = Q, and of Merel [15] , more generally, ensures 
that the size of this group is bounded uniformly as E/F varies. Indeed, Merel's 
Theorem states that this bound depends not on the number field F, but only on 
the degree [F : Q]. 

Now let K be the function field of a curve X over a finite field F g , and let A be 
the ring of regular functions at some point oo e X(¥ q ). If L/K is a finite extension, 
then a Drinfeld A-module over L is a ring homomorphism 

: A End L (G a ) 

satisfying certain additional conditions (see Section [2] for more details). We write 
<fi(L) for the corresponding A- module structure on G a (L). Although <fi(L) is never 
finitely generated, it is a theorem of Poonen [17] that <fi{L) is tame, and hence the 
torsion submodule </> Tors (L) is finite. It is natural to ask how uniformly one might 
bound its size. 

Conjecture 1.1 (Poonen |18j). Let L/K be a finite extension. Then there is a 
bound on the quantity #(/> Tors (L), as tfi/L varies over Drinfeld A-modules of a given 
rank. 

Our first result is that, if one views Drinfeld modules as arithmetic dynamical 
systems, then Conjecture 11.11 follows from a conjecture about the structure of the 
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adelic filled Julia sets. More concretely, for each place v of L, let L v denote the 
completion of L at v, and let C v be the completion of an algebraic closure of 
L v . Note that the sum of two i>-adically bounded submodules of (j>(C v ) is again 
bounded, and so there is a unique maximal bounded submodule of <p(C v ), which we 
call the filled Julia set (f) FJ (C v ) of 4>(C V ). If Ag crk denotes the Berkovich analytic 
space associated to C„, then there is a natural embedding C„ Ag crk , and we 
denote by <p°(C v ) the set of C„-rational points in the connected component of 
FJ (Ct,) containing the identity 0, where X is the closure of X C Ag erk relative to 
the Berkovich topology. Similarly let </> FJ (Z/„) and 4>°(L V ) denote the L„-rational 
points in FJ (C„) and <j>°(C v ). It turns out that the quotient ()> FJ (L v )/<j) (L v ) has 
the structure of a finite ^4-module (see Theorem 11.51 below) . 

Given a Drinfeld ^4-module over L, we will define in Section [5] a point in 
a certain weighted projective space such that <f) is L-isomorphic to ip if and only if 
j<f> = jip- In the case of a Drinfeld F 9 [T]-module 4>, with 

4>t{x) = Tx + a\x q + • • • + a r x q , 

we will simply take 

j0 = [ai : a 2 : ■ ■ ■ : a r ], 
where the zth. entry has weight q l — 1. We will define, in Section O a quantity 
< n((j), N, a) < 1, for any integer N > and any ideal a C A, which essentially rep- 
resents the proportion of the height of coming from places where (/) FJ (L^)/0°(L„) 
is annihilated by o, ignoring the contributions from infinite places and at most iV 
other places. Our first result bounds #</> Tors (L) when this proportion is not too 
small. 

Theorem 1.2. Fix A and L as above, let N > 0, and let a C A be any proper ideal. 
If cj)/L is a Drinfeld module of rank r satisfying /i((j),N,a) > 1/q, then #</> Tors (L) 
is bounded by a constant which depends only on N , a, and r. 

We will see below that, for any given (j>/L, we may take N to be the number 
of places at which <fi has bad reduction and thereby obtain fj,((f),N,a) = 1. Theo- 
rcm ll.2l thus contains a theorem of Ghioca 6 confirming Coni ecture 1 1 . 1 1 for Drinfeld 
modules with bad reduction at a bounded number of places. The strength in The- 
orem 11.21 over the earlier result is that, while one may easily construct Drinfeld 
modules with arbitrarily many places of bad reduction, thereby showing that the 
results in [6] are strictly weaker than the claim in Conjecture 11.11 it seems at least 
plausible that the conditions of Theorem 11.21 are met with some uniformity. In 
particular, an affirmative answer to the following conjecture would yield a proof of 
Conjecture 11.11 

Conjecture 1.3. Fix a finite extension L/K . Then there exists an N > and an 
nCi such that fi(<f>,N,a) >l/q for every Drinfeld A-module <fi/L. 

Perhaps the best evidence for Conjecture 11.31 is that we can prove it for certain 
families of Drinfeld modules. Consider some curve C/L, and a Drinfeld module 
4>/L(C). If the coefficients of 4> are regular at /3 € C(L), we may specialize to 
obtain a Drinfeld module tfip/L. If C is defined over ¥ q C L and the coefficients 
of <f>a{x) — ax G L(C)[x q ] happen to land in ¥ q (C), then we will call this family a 
simple family. As an example of a simple family of Drinfeld F g [T] -modules over P 1 , 
consider the family over any extension L / K defined by 

cj)^ T {x)=Tx + x q + (f3 3 -(3)x qr 
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for (3 G P 1 (L). Finally, we let ui2 = 5, — 4, and m q = 3 for q > 4. 

Theorem 1.4. Suppose A — ¥ q [T], let L/K be a rational extension which is at 
most quadratic, let </)/L(P 1 ) be a simple family of Drinfeld modules, such that the 
generic fibre has at least m q geometric places of genuinely bad reduction. Then 
the family of fibres <f>p with j3 G P 1 (L) satisfies Conjecture \1.3l for N — and 
some ideal a C A which is independent of (3. In particular, #^)J ors (L) is bounded 
uniformly for f3 G P 1 (i). 

Theorem [O] justifies some curiosity as to the structure of the component module 
<fi FJ (L v )/<fi°(L v ). If Fp/Q p is a finite extension, if E/F p is an elliptic curve with 
split multiplicative reduction, and if E°(F p ) is the connected component of the 
identity, then 

E(F P )/E°(F P ) £ Z/NZ, 

for N = —v(Je) : by well-known work of Kodaira, Neron, and Tate (see, e.g., {23] ) . 
If C p is a completion of the algebraic closure of F p , we have 

E(C P )/E°(C P ) = Q/Z. 

Replacing Z with A, Q with K, and E with <f>, we see a strikingly similar structure 

to cj) FJ (L v )/<t> (L v ). 

Theorem 1.5. Suppose A = ¥ q [T], let L v /K v be a finite extension, let C v be the 
completion of the algebraic closure of L v , and let cj>/L v be a Drinfeld module of rank 
r with potentially stable reduction of rank r — s. Then there exist a\, a s G A, of 
degree bounded in terms of s and —v(j^), such that 

s 

^ F \L v )/^(L v )=^A/ ai A, 
i=i 

and 

FJ (C v )/cb°(C v ) ss (K/A) s . 
In particular, both modules are trivial if 4> has potentially good reduction. 

Extending the analogy with elliptic curves further, we may define a quantity 
< n(E, N, a) < 1, for any N > and ideal o C Z, which represents the proportion 
of the height of ]e coming from places where the component group E(F p )/E°(F p ) 
is annihilated by o, ignoring the contributions of archimedean places and at most 
N other places (which will be made precise in Section [7]). We recall a weak form 
of Szpiro's Conjecture for semistable elliptic curves. 

Conjecture 1.6 (Szpiro |27j). There exists a constant a, depending only on F, 
such that if E/F is a semistable elliptic curve with minimal discriminant Ae and 
conduction fE, then 

l()li Xo'.IUk ;A/ 

i r — cr " 

log INorm^/Q/Bl 

The ratio on the left is commonly known as the Szpiro ratio o(E/F), and at 
least for F = Q it is conjectured that we may take any a > 6, if we allow finitely 
many exceptional E/Q. The following result is essentially due to Hindry and Sil- 
verman pj] , although we consider only semistable elliptic curves for simplicity. 
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Theorem 1.7. Let E/F be semistable, let n > 1, and let a — (nl) C Z. Then 

l-a{E/F)/n 



a(E/F)(l-l/nY 



In particular, if Szpiro's Conjecture holds for the field K , and o(E, N) < a for all 
semistable E/F, then for any e > there is an ideal a C Z such that 

n(E,0,a) >l/a-e 

for all semistable E/F. 

Considering the quantity n(E, N, o) for N > brings us into the territory of 
Silverman's "prime-depleted" version of Szpiro's Conjecture |24) . 

In Section[2]we establish some notation, and recall the basics of Drinfeld modules. 
In Section[3]we consider Drinfeld modules over local fields, and establish some basic 
results on the structure of the filled Julia set, most notably the finiteness of the 
component module at finite places. In Section [5j we consider the filled Julia set in 
the context of global function fields, and we prove Theorems 11.21 and 11.41 Finally, 
in Section [S] we turn to a more detailed examination of the case where A = ¥ q [T] , 
and compare the structure of the component module to the analogous object in the 
case of elliptic curves. 



2. Notation and preliminaries 

2.1. Drinfeld modules. Throughout, we suppose that q is a power of a prime, 
and that K is a function field in one variable over ¥ q , that is, that K = ¥ q (X) for 
some algebraic curve X/¥ q . We fix a place oo £ X(¥ q ), and let A C K denote the 
ring of regular functions at oo. If a £ A, then deg(a) will denote the order of the 
pole of a at oo, and we set |a|oo = g dog( - a ); note that this agrees with our definitions 
below for the absolute value on K corresponding to the point oo. By an A-field, we 
mean a field L with a homomorphism i ; A — > L, and we will consider only the case 
in which L has generic characteristic, that is, where i is an injection; the typical 
example is where L/K is a finite extension, and i is the inclusion map. 
If L is an A-field, then a Drinfeld A-module over L is a homomorphism 

: A End L (G a ) 
a ^ (f) a , 

with the property that, for all a G A, 

<p a (x) =ax + 0(x q ) 6 L[x], 

but 4> a {x) ^ ax for at least some a G A. Drinfeld [5] proved the existence of an 
integer r > 1 such that Aeg{4> a {x)) = {a^, for all a G A, and this quantity r will 
be known as the rank of <f>. 

Two Drinfeld modules (j)/L and ip/L are said to be isomorphic over the extension 
L' / L if and only if there exists anaeL' such that <f> a (ax) = aij) a {x) for all a 6 A, 
abbreviated tfia = aip. Suppose that we have fixed a ordered set of generators 
{Ti, ...,T m } for A as an F 9 -algebra. Then we have, for each i, 

4>t z (x) = T 4 + aisx q H h a^dogcr^a; 9 s< * , 
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with a,i.j G L. By the w-weighted projective space ¥ w , where w — (wi, ...,w m +i) £ 
(Z+) m+1 , we mean the quotient of A m+1 \ {(0, 0, 0)} under the G m (L) action 

(xi,x 2 , ...,x m+ i) ->■ {a Wl xi,a W2 x 2 , ...,a Wm+1 x m+ i). 

We warn the reader that, in general, points of F w which are fixed by G&\(L/L) do 
not necessarily have a representative with coordinates in L, unlike in the case of 
the usual projective space. 

Definition 2.1. Fix a set of generators T%, T m for A as an F g -algebra, fix r > 1, 
and let Ma.t denote the weighted projective space with coordinates Xi j, for 1 < 
i < m and 1 < j < rdeg(Ti), such that Xij is given weight q J — 1. If tp/L is a 
Drinfeld A-module of rank r, then by the j -invariant of (f>/L, we mean the point 

j<P = 01,2) — ) a l,dog(Ti)rj a 2.1, — j a2,dog(T 2 )r, — ) a m,l,Bm,2, — ) a m,dcg(T m )r] 

in M A . r {L). 

We note the following result, which is proven in [13 . 

Lemma 2.2. Let <fi/ L and ip/L be two Drinfeld A-modules. Then the following are 
equivalent: 

(i) <f> and ip are L Bcp -isomorphic; 

(ii) tf> and ip are L- isomorphic; 
(hi) U =H- 

2.2. Heights and valuations. Throughout, we will make the convention of nor- 
malizing logarithms so that logg = 1, and write log + x for logmaxjl, x}. To each 
prime ideal p C A, we associate a normalized valuation v, and set \x\ v — q~ v ^ dc e( v ) 
where, as usual, deg(w) = [A/pA : F q ], or equivalently, the number of points in the 
Gal(F g /F g )-orbit in X(¥ q ) corresponding to p. These valuations on K form the 
set Mft of finite places of K, and the remaining absolute value | • |oo is the infinite 
place, the sole member of M^. 

If L/K is a finite extension, we denote by Ml the set of valuations extending 
the places in Mk, normalized so that if w 6 Mr- is the place below v € Ml, then 
\x\ v — \x\ w for all x € K. In other words, we take 

\x\ v = g-«(aOdeg(«)/[£«:K»] 5 

and note that this agrees with \x\ w on K . We note two important facts, first that 

(1) J>« : K v ] = [L:K] 

v\w 

for any w 6 Mk, where v \ w means that v is a place extending w (see, e.g., |22j). 
and 

(2) ^ [L v : K v ] log |x|„ = 0, 

we Mz, 

for any non-zero x E L. 

For any we will define the height of x to be 

veM L \- ' J 

Note that, by h extends to a well-defined function h : if — > M. 
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More generally, if P™ is the weighted projective space with weights w — (wo, ...,wn) 
(all non-zero), then we define a height on F w by 

h([xo:-:x N ])= fe^ logmaxilxoiy^.-.-l^iy^}. 
veM L t ' ' 

Note that this is well-defined, by ©, and satisfies the Northcott property, which 
is easily shown from the Northcott property of ¥ N by examining the morphism 
$ : P ul -> ¥ N given by 



$([x : xi : ■■■ : x N }) = 



Jb r\ . Jj -i . . X 



N 



(In particular, one notes that h(&(x)) = {Y[ w i) h(x).) In particular, for any given 
A and r, and values B\ and £? 2 , there are only finitely many points j £ M^ ir (L sep ) 
with /i(j) < B\ and [L(j) : L] < B2. In particular, there are only finitely many 
L-isomorphism classes of Drinfeld module <f>/L with h(j^,) < B\. 



3. Drinfeld modules over local fields 

Let C v be any complete, algebraically closed A-field containing K, and let 4>/C v 
be a Drinfeld module. We will denote by A Bcrk the Berkovich analytic space associ- 
ated to , as described in [3] . Briefly, this is the space of multiplicative seminorms 
on the ring C v [x] which extend the absolute value on C,,, appropriately topologized. 
Every point £ e C„ may be identified with a (unique) seminorm ||/||f = |/(C)|, gi v ~ 
ing an embedding A^ — > A Bork ; the former turns out to be dense in the latter. If 
|| • || f is the multiplicative semi-norm associated to £ G A Bork , then a ■ ( is defined 

by 

||/||a.C = ||/o0 o |lc- 

It is shown in [3] that this gives a continuous map <f> a : A Berk — > A Bork , and yields 
a continuous A- action on A Berk , where A is considered with the discrete topology. 
This extends the A-action x H> (j) a {x) on the classical points A^ C A Berk . 

Write Oa(C) for the A-orbit of C £ A Bcrk . The Berkovich filled Julia set (j>%l lk C 
A Berk is the set of points £ for which Oa(() is bounded. For any subfield f C C,„ 
we define 4> FJ (F) = B ' rk fl F. We will write Bork C B ;! rk for the connected 
component containing 0, with respect to the Berkovich topology. 

Note that <fi F:, (C v ) is simply the set 

FJ (C„) = {x £ C v : there exists a B > such that |(^ a (a;)| < B for all a e A} . 

If Gff, is the Green's function associated to (j), as in [13] , then B ^ rk may de described 
as the locus on which G$ vanishes, although we will not use that fact here. 

For later convenience, we note that </> FJ (C t ,) can be described as the, a priori 
larger, Berkovich filled Julia set of c/)t(x), for any non-constant T G A. The fact 
that these filled Julia sets all coincide is a fact about commuting maps well-known 
in the context of holomorphic dynamics. 

Lemma 3.1. For any non-constant T 6 A, B ' rk is the Berkovich filled Julia set 
associated to 4>t(x). 

Proof. Let J denote the Berkovich filled Julia set of (j>r{x), and note that J D ^Berk 
trivially, since Oa{() always contains the orbit under 0t of C- On the other hand, 
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it is straightforward to show that for any a € A, 4> a (x) takes bounded sets in Ag crk 
to bounded sets, and so if ( € J, we have 

{MQ,MMQ),<&(MQ),-} = <t>» ({CMC), 4(C),-}) 

bounded. It follows that J is closed under the action of A, and so J C ^Bcrk- □ 

Our first proposition gives some basic algebraic information about the sets ^ FJ (C„) 
and ^°(C„). 

Proposition 3.2. The subsets <p°(C v ) C cf) FJ (C v ) C C v are submodules of <j>(C v ). 

The proof of this will come in a sequence of lemmas. We note, first of all, that 
it is quite simple to show that <j> F3 (C v ) is a submodule of <fr(C v ). 

Lemma 3.3. The set FJ (C„) is a submodule of<p(C v ). 

Proof. If Ci £ O a (( 2 ), h is clear that O a (&) C O a {C,i), and so ^Bgpjj is closed under 
the action of A. It suffices to show, then, that FJ (C„) is an additive subgroup of 
4>(C V ), which follows from the fact that € FJ (C„), that 

\4>a{x + y)\< max{|0 a (x)|, \(j>a{y)\} 

for all a 6 A and x,y G </> FJ (C„), and the observation that \<fra(— x)\ = \<j> a (x)\. □ 

Since it will be useful later, we now present a disk of finite radius which contains 
^> FJ (C„). 



Lemma 3.4. Define a real number Bt > by 

7 rdcg(T) 



log//, max i log i- oT\ • t/< ,,,, • 7 



Then FJ (C„) C D(0,B T ). 

Proof. It is straightforward to see that if |x| > B T , then 

1^(^)1 = |A^ rdes(T> | >|a ; |, 
where A is the leading term of <j>r(x). By induction, 

I _ n -Nrdcg(T) 
q -Nr dc6 (T) lQg |0tn {x)l = log |a .| + gr ; cg(r) _ i log | A|. 

If x G (/) FJ (Ct,), then the left-hand side tends to with N — > oo, but the right-hand 
side tends to 

1 1 ( T 

log |or| + , — -log|A| > — - log 



9 rdcg(T)_ 1 g rdeg(T) 

1 



A 



•log+ |T- X | +log|A| 



log + |T| > 0, 



g rdcg(T)_ 1 

since qrdcg"(T)-i log l^/A| is the average of the slopes in the Newton polygon for 
((>t(x), and hence a lower bound for maxjlog |£| : £ € </>P1}. 

□ 

Now that we have some description of </) FJ (C t ,), we will return to the quantity 
c{4>) defined above. For any polynomial f(x) e C v [x] of degree d > 2, with leading 
coefficient a<j, let 
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The following is Theorem 4.1 of [2!, although we warn the reader that our c v (f) is 
the logarithm of theirs. 

Theorem 3.5 (Baker-Hsia [2]). The (logarithmic) transfinite diameter of the filled 
Julia set of f is c v (f). 

As a corollary, since (j^lrk i s the filled Julia set of any <fyr{x), we note that c v (4>t) 
is independent of the choice of T G A\¥ g . We will write c v (4>) for this quantity, or 
c((j>) when the valuation is clear. 

We now proceed with a more precise description of cf> (C v ), depending somewhat 
on the flavour of the valuation v. 

Lemma 3.6. The set 0g crk is a (possibly degenerate) disk in Ag crk . 

Proof. Let ^ denote the usual partial ordering on Ag erk , so that if Ci, C2 G Ag crk , 
then Ci ^ C2 if and only if ||/|| fl < ||/]| f2 for all / G C v [x}. We note that FJ (C„) 
is downward-closed with respect to ^, and hence is a union of (Berkovich) disks, 
noting that the Berkovich disk T>(a, r) is defined to be the set of £ G Ag crk such 
that £ < ( a .r in the notation of [3]; the point a G C„ is simply the disk 2?(a;0). 
It follows that </>g crk is the largest Berkovich disk containing 0, and contained in 
<6 FJ □ 

V^Berk- LJ 

Before describing the structure of </>°(C„), we introduce one new piece of notation. 
Fix a basis T%, ■■■,T m for A as an F g -algebra, as above. For a Drinfcld module 1 
let ai j G C„ be defined by 

t dcg(T- ) 

4>Ti(x) = TiX + aisx q H h a i>rAcg ( Ti) x q 

for each z, and set 



U,v = , ma ,x <^ — log \a itj \ > + c{4>) . 

l<J<rdeg(Ti) 

In the context of a global function field, j$. v will be the local contribution to the 
height of j<j>. Similarly, for each non-constant T G A, we let j(j, TtV — j^\¥ q [T\.v I n 
other words, we set 

Ut,v = max { — — - log \a 3 \ \ + c{4>). 

l<j<rdeg(T) [ ql - 1 J J 

Lemma 3.7. We have j^.v > 0, and if 4>/<C v has potentially good reduction, then 
34>,v = 0. If v is a finite place, i.e. if A is a subring of the ring of integers, then 
jcj>,v — if and only if <p/L has potentially good reduction. 

Proof. The first claim is trivial, since c(</>) is equal to at least one of the terms 
appearing in the maximum defining . If (f> has potentially good reduction then, 
since j^^ is an isomorphism invariant, we may assume without loss of generality 
that 4> has good reduction. Then the coefficients of <fi a (x) are integral for all a G A, 
and for some generator Ti of A over ¥ q , one of the coefficients of 4>Ti{x) is a unit. 
This gives = 0. 

On the other hand, suppose that j^,. v ~ 0. Then we may choose an a G L^ cp 
such that c(a~ 1 ipa) = 0. Now, j a -iA, av — j<f>, v — 0, and considering the definition 
°f ja- 1 <j>a,v we see that the coefficients of (a~ 1 ipa)T i (x) are integral, for all i, and 
at least one is a unit. In particular, </> is L Sep -isomorphic to a Drinfcld module of 
good reduction. □ 
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Remark 3.8. Defining je, v = log \je\v, for an elliptic curve E over a local field 
with valuation v, we also have je,v > with equality if and only if E has potentially 
good reduction. 

The following lemma describes <j>°(C v ) in the case where v is a finite place. A 
useful corollary of this lemma, however, is that just like c(</>), the quantity j<j, TlV 
docs not depend on the choice of T G A. In particular, we have j^ iV — j<f, T , v for 
any non-constant T G A, which allows us to proceed in some of our proofs as if we 
were dealing only with F g [T]-modules. 

Lemma 3.9. Suppose that v is a finite place, and fix a non-constant T G A. Then 
and<p°(C v ) is a submodule of <fi FJ (C v ). 

Proof. Note that if aip — (pa, with a G C*, then c(ip) = c{(j>) + log \a\ and j$ TtV = 
jfa., v , and V'sork i s tnc i ma g e of <A|g rk under a scaling by a^ 1 . In particular, the 
statement of the lemma is true for <fi if and only if it is true for ip and so we may 
assume, without loss of generality, that j§ T , v = c(<p). In other words, we assume 
that every coefficient of 4>t is integral, and at least one is a unit. Our aim, in this 
case, is to show that 0Bcrk = ^(0) !)• 

As noted, we have Bork = £>(0,c), for some c > 0. Our assumption on the 
coefficients of 4>t ensure that 0r(X>(0, 1)) C T>(0, 1), and so T>(0, 1) C 0B^ rk . In 
other words, c > 1. On the other hand, there is certainly some ( € A 1 (C t ,)\0 FJ (C„), 
necessarily with > 1. We will show that for any r > 1 there is some x € T>(0, r) 
such that C G Oa{x). It follows that a; ^ ^Berki an( i consequently that V(0,r) % 
^Bcrk: for r > 1. 

Write 

4>t(x) —Tx + a\x + • • • + a r dc g (T) a;9 ■ 

Now, suppose that for some non-constant B G A we have <Pb{x) — Bx + ^ feiX 9 * , 
where each bi is integral, and at least one is a unit. Suppose that / is the largest 
index with a/ a unit, and J is the largest index with bj a unit. Then 

4>bt{x) = 4>t{4>b{x)) = ^a-itf x gt+ \ 

The coefficient of x q ' + '' is 

a i h ) = a i h J + atb l + aib< o ' 

i+j=I+J i>Ii+j=I+J j>Ji+j=I+J 

which is a unit, since \at\ < 1 for i > I and \bj\ < 1 for j > J. If k > I + J, 

then the coefficient of x ql in <J)bt(x) is J2 i+ j =k , where in every term either 
i > I or j > J. So all subsequent coefficients are non-units. By induction, we 
see that the coefficient of x q in <j>j,{x) — (/) t n(x) is a unit (and, further, that 
this is the largest index corresponding to a unit coefficient in (j>^). In particular, 
the Newton polygon of the polynomial <Pt( x ) ~ C contains a line segment of slope 
at most —v(Q/(q NI — 1), and hence <p^(x) — £ has a root j3 G C„ satisfyingt 
\P\ = ICI 1 ^ 9 Choosing N large enough, we can ensure that \(3\ < r, and so 

T>(0,r) % 0Bork- Since r > 1 was arbitrary, we have shown that Bork = T>(0, 1). 

It remains to show that 0°(C„) is a submodule of (p(C v ). It is clear that (f>°(C v ) = 
D(0, 1) is an additive subgroup of C v , and the observation 0t(_D(O, 1)) C D(0, 1) 
made above suffices to show that it is also closed under the action of A. □ 
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At this point we pause to note that, if O v is the ring of integers of C v , with 
maximal ideal m, and (f> is a Drinfcld module defined over O v , with stable reduction 
(assuming, still, that \T\ V < 1), then we have j Vt< f, = c(0). In this case, <j>°(C v ) = O v , 
and the induced Drinfeld module <f> over the residue field O v /m is precisely the image 
of ^(C^), that is, we have 4>{0/m) (jP{£ v )/<j> l {C v ), where ^(C,,) = {x £ C v : 
\x\ v < 1}, a the maximal proper submodule of <jP(C v ). It is also the case that the 
structure of </> 1 (C„) is closely related to that of a certain formal Drinfeld module 
[20] . much as in the elliptic case. 

This is closely analogous to the case of an elliptic curve E/Q p , where 

i? (Q f ,)/i? 1 (Q P )-^(F ?) ), 

and it is in part this relation which motivates the study of 4>°(C V ). 
Lemma 3.10. If v is an infinite place, then </> Bork = {0}. 

Proof. As before, we assume without loss of generality that j$ lV = c{4>), and let 
Berk = £>(0,r) for some r > 0. Note that, for any fixed T G A\F g , the coefficients 
of all but the linear term of 4>t{x) are integral. If we select any Q g" </> FJ (C t ,), we 
see that the initial line segment in the Newton polygon of 4>^(x) — £ has slope 
(Nv(T) — v(())/(q — 1), as soon as N is large enough, since i>(£) is fixed, and 
v(T) < 0. It follows that <Px( x ) ~ again if N is large enough, has a root (3 e C v 
satisfying 

\P\ = | C / T W|i/(9-D. 

Note that, as in the previous lemma, (3 $ ^Bork' ano - so r < \(/T N \ 1 /( q ~ 1 \ But |£| 
is fixed, and |T| > 1, so we obtain a contradiction for large TV if r > 0. It must be 
the case that r = 0. □ 

We noted that Lemma 13.91 gave us the convenient corollary that j^ iV = j$ TtV for 
any non-constant T G A, in the case where v is a finite place. This is not true for 
infinite places, as we can see from the Carlitz module. If 4>t(x) = Tx + x q , and v 
is a place with \T\ > 1, then j^, TlV = 0, while j<j, T2 ,v = -^zj l°g 1^1 > 0. In fact, it is 
not hard to show that in this case j^N v — > oo as N — > oo. 

Remark 3.11. We defined </> FJ (C 1 ,) to be the set of x G <f>(C v ) with bounded A- 
orbit under 0, and similarly for subfields. It is perhaps more natural, however, 
to describe FJ (C l; ) as simply the maximal bounded submodule of <f)(C v ), as we 
did in the introduction. It is clear that </> FJ (C l; ) is a bounded submodule, but 
if x G (f>(C v ) \ </> FJ (C„), then no submodule containing x is bounded, since the 
submodule generated by x is not bounded. So every bounded submodule of <p(C v ) 
is contained in ^ FJ (C l ,). 

4. Local heights for the filled Julia set 

Here we set down some basic results about local heights on the filled Julia set. 
Some of the results in this section are special cases of results in [13] . 

Definition 4.1. Let (j)/C v be a Drinfeld module with filled Julia set FJ (Ct,). 
Define the local height associated to ^> FJ by 

\^{x) = log | 1 1 + c v (4>). 
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Remark 4.2. Note that this agrees with the definition of the local height associated 
to a Drinfeld module in [13], since the Greens' function vanishes identically on 
^ FJ (C„). 

Lemma 4.3. Let A^ be the local height associated to FJ /C U . 

(i) The map A^ : FJ (C„) — > R is continuous, except for a simple pole at the 
origin. 

(ii) // ipa = acj), for some a £ C*, then 

A^(x) = X^(ax). 

(iii) // 4> has good reduction, then 

\$(x) = log|x _1 |. 

(iv) If v is a finite place, then 



^</>(x) > - 




for allxe ^ FJ (C„). 

(v) If v is a finite place, then 

For all x E <j) (C v ). 

(vi) The function A^ is constant on every non-trivial coset x + <fi°(C v ). In 
particular, there is a function B : c/f) FJ (C„)/0 o (C t ,) — > M. and a non-negative 
function E : </> FJ (C t) ) — > M. such that E vanishes except on (fP(C v ) and 

\${x) =E(x) +M(x + (f> (C v )) 

for all x e <p F \C v ). 

Remark 4.4. Compare with Theorem 4.2 of [23l p. 473] for local heights relative 
to elliptic curves over p-adic fields. In particular, the role of the second Bernoulli 
polynomial there is played by our function B here, which will be given a more 
explicit description below. 

Proof of Lemma \4-3\ (i) This result is clear enough, but also follows from [3j 

Proposition 8.66 p. 242]. 

(ii) If T G A is non-constant, and 

iPt(x) = acjixia 1 z), 

we have c v (ip) — c v {4>) — log |a|„, so 

\<l>(x) = log \x~ 1 \ + c v ((f>) 

= log \x~ x \ + c v (tp) - log |a| 
= \^(az). 

So the local height is coordinate invariant. 

(iii) Note that if (f)/C v has good reduction, then the coefficients of <f>T are 
integral, and the leading coefficient is a unit. It follows that c„(</>) = 0. 
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(iv) By (JuJ, and the invariance of j0 jt) under isomorphism, it suffices to prove 
the estimate in the case j^ >v — c(4>), that is, the case where the coefficients 
of 4>t(x) are integral, and one of them is a unit. Now, we know that 
| a; | < max{|^| : £ £ <^[T]}, and examining the Newton polygon we obtain 
a bound on the .... 

(v) If x G 4>°{C V ) then, by Lemma l3Jl we have 

A^(x) = - log | a; | + c(0) > - + c(0)) + c(<f>). 

(vi) The statement is trivial for v an infinite place, since </>°(C„) = {0}; we may 
take W(x+<fi (C„)) = A^(a;) for all x. So suppose that u is a finite place. We 
have G,f, vanishing identically on FJ (C„), and so \$(x) = — log |x| + c{4>) 
here. In particular, \$(x) is a function of \x\ v . But \x\ v is constant on 
every non-trivial component of FJ (Ct,), since every such component has 
the form £ + D(0, g~ J " w) ) for some C £ £>(0, cr J " (0) )- So if we set 

B(x + /(C„)) = min A (i/), 

yeaH-0 a (C„) 

we see that A (x) = B(x + </>°(C v )) for every x G FJ (C„) \ 0°(C„). It is 
automatic that £(a;) = X^^x) —M(x+<f>° (C v )) is non-negative, and constant 
on every non-trivial component of <^> FJ (C„). 

□ 

The following definition and lemmas are motivated by the arguments of Ghioca [SJ 

m- 

Definition 4.5. If <p/L is a Drinfeld module, and T G ^4 is non-constant, then we 
say that x G L is T '-generic if 



|0t(^) I = max la^x 9 

0<i<rde goo (T) 



where ao = T as usual. 



The next lemma, which says essentially that the typical element of FJ (C„) is 
at most the size of the average torsion, is a modification of a result in [13] . 

Lemma 4.6. If x G 4> FJ {C V ) is T -generic then 

l0 S M < C ^ + ( g rdc 8 (T)_ 1)2 l0 S + 

Proof. This follows directly from Lemma 4.6 of [T3] and Lemma T3.4I above. □ 
Lemma 4.7. If x,4>t(x) G fj (C„) are T -generic, then 

A (x) > (1 - ?- 1 )i 0T ,„ - g(gJ . d cg 1 (T)-l)2 lQ S + 

Proof. This follows from Lemma 4.8 in [T3]. □ 

Lemma 4.8. Suppose that X C </> FJ (L) is an additive subgroup, and that T £ A is 
non- constant. Then there is an additive subgroup Y <Z X with #Y > q-^ dc &( T ) 2 #X 
such that for every non-zero x G Y , we have 

M*) > (1 " - ^djrFIji l0g+ l T_1 l- 
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Proof. To begin, we note that it suffices to construct a subset Y C X satisfying 
the criteria, since the inequality 

\f( x + V)> min{A (x), A (y)} 

will ensure that the subgroup generated by Y will also satisfy the criteria. Second 
of all, by the previous lemma, we note that it suffices to find a subset Y C X of 
the appropriate size, such that for all x £ Y, both x and <t>r(x) are T-generic. As 
usual, we will set R = r deg(T) for notational simplicity. 

For any set W C FJ (T), we define N\{W) so that q Nl(w ~> is the number of 
elements £ G <fi[T] such that |£| < max{|x| : x £ W}. Note that, by examining 
the Newton polygon of 4>t(x), we see that N\(W) is always an integer, and < 
N X {W) < R as long as W is non-empty. Similarly, define N T (W) = N 1 {(j) T {W)), 
that is, q N -r{w) i s the number of £ £ <j>[T] such that |£| < max{|</> T (x) : x £ W}. 

For £ G <£[T], define 

^ = {l/G0(C„):|i/-^|<|^| = |y|} 

if £ ^ 0, and 

Z Q = {y £ 4>(C V ) : y is generic}. 

Note that 4>(C V ) = U^e^IT] Z^. Let X\ = X, and suppose that for i > 1 we have 
constructed a set Xj. For each (£1,^2) £ <j)[T] x <p[T], let 

= G : 2; G and <t>T{x) £ Z^ 2 } . 

Clearly the sets X i ^ 1 ^ 2 cover X,, and there are (<7 fl ) 2 of them, so there is some 
pair (£1,62) such that #X i;?li j 2 > q- 2R #X t . 

We consider several cases. 
Case 1: £1 ^ 0. 

Choose some a; £ Xi t ^^ 2 , and let = X i ^ 1 ^ 2 —x, so that #X i+ i = #Xi£ lt £ 2 . 
Since 

max{|</> T (x) - : 2/ G X«i,? 2 } ^ max {|<My)| : y G X,}, 

we see that A^^Q+i) < NxiXi). On the other hand, 

\x-v\ = \v-Zi+x-Zi\< lai - |V| - \x\ 
for all x,y £ X i ^ 1 ^ 27 by definition. It follows that 

N 1 (X i+1 ) < N^Xi^) < N^Xi). 

In particular, since Ni(W) is a non- negative integer for any non-empty W C 
</> FJ (T), the present case can arise for at most i? values of i. 
Case 2: £1 =0,6^ 0. 

In this case we again choose some x £ Xi£ lt £ 2 , and let Xi + \ = Xi^ 1 ^ 2 — x. 
Arguments just as in Case 1 show that here Ni(X i+ i) < N 1 {X i ) 1 while Nx{xi + i) < 
Nx(Xi). In particular, this case also arise for at most R values of i. 
Case 3: £1 = £ 2 = 0. 

In this case, we may take Y — Ai.0,0, since then x and 4>t{x) are both T-generic 
for all x £ Y, by construction. We then have that #Y~ > g~ 2i?4 #A, and we have 
seen that we arrive in this case with i < 2R. This proves the lemma. □ 

Note that on each non-trivial class of </> FJ {L)/(fP (L), the absolute value function 
is constant, and so we may speak unambiguously about \x + </>°(T)|, as long as 



14 



PATRICK INGRAM 



x 4>°{L). If T G A is non-constant, we will say that a class x G ^ FJ (L)/</>°(L) is 
T-generic if and only if 

\4>t(x)\ = max \aix\ q . 

0<i<rdeg(T) 

In other words, in the language of Berkovich spaces, if £ G Ag crk is the point 
corresponding to x, then x will be T-generic if and only if 

ov<MC) = <Movc), 

where x V y is the least upper bound of x, y G Ag erk [3J § 1.4]. In agreement with 
this, the trivial class will always be deemed generic. 

Lemma 4.9. There is a bound on #(0 FJ (L v ) j <fp (L v )) depending only on v(j$) 
and s, where 4> has potentially stable reduction of rank r — s. 

Proof. As above, for £ G (<j>[T\ + / (L v )) / '<fP '(£„) , let 

Zt = {x + <f>°{L v ):\x-Z\<\£\ = \x\}, 

and let 

Z = {x + (jP{L v ) generic}, 
where we take the trivial coset to be generic. Similarly to the above, for any set 
W C (t> ¥i {L v )/(^{L v ), we define N(W) so that q N i w ) is the number of elements 
£ G (</>[T] + <p°(L v ))/(j) (L v ) such that |£| < max{|a;| : x G W}- Note that there are 
<f distinct elements of (0[T] + (j) (L v ))/^°(L v ), and so we have < N(W) < s for 
all W C <f>™(L v )/<f>°(L v ). 

Now, let G C (f> F3 (L v )/<fP(L v ) be an additive subgroup containing at least 
2g(ns+i)ns distinct elements. For each i > we will construct a subset li C G 
such that > 2, 7 (™ s + 1 - l )" ; \ We let X„ = G, and for each i > and each 

(£i,-,en)e ((0[T] + ^(L„))/0°(i„)) n 

we let 

■^Ui — {x Xi : x £ %,</> T (x) G ...,<£ T »-i(a;) G %,}. 

Note that there are q sn sets -^i,^,...,^, and that these cover Xi. In particular, since 
Xi contains at least q{ ns - % )( ns ) elements, there is at least one subset of the form 
-^i,fi,...,£n containing at least gOs- 1 - 1 )™ 5 elements. 

First we consider the case where £j ^ 0, for some 1 < j < n. In this case we 

choose some x G and let = a; — f s , Note that for each 

< fc < n — 1, we have 

N(<j> Tk (X i+1 )) < N(<f> Tk (X Uu ..^ n )) < N{<j> Tk {Xi)). 

On the other hand, for all y G ... £ n , we have by definition 

|0 T j-i(x - y)| = |0 T j-i(x)-^ -0ri-i(y) + Cj| < 101 = |0T*-i(a)| = I^T3-i(y)|, 

and so 

^(^(Xi+i)) < A^t^PQ,^. ..,««)) < ^(^-xfJfi)). 
In other words, if we set 

m — l 

k=0 

for each i, we have Mj+i < Mi, and so < Mj < ns — i. In particular, the case 
where £j ^ for some j occurs at most ns times. 
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So for some i < ns, we have #^i,o,o,...,o > 2(jt ( ™ s + 1 ~ l ~ 1 )™ s > 2. In particular, 
there is some non-trivial x € <fi FJ (L v ) /<fi°(L v ) such that 4>t(x), 4>t 2 ( x )>---> ^t™- 1 (*) 
are all </>T-generic. Note that if y 6 <j) F3 {L v ) is ^-generic and \4>x{y)\ < \y\, then 
\d'iy q I < M for all i. Re-arranging this, we have that log \y\ < — -rzf log for all 
i, and hence that y € <jP{L v ). In other words, if y is ^r-generic and ?/ + (j)°(L v ) is 
non-trivial in (/) FJ (L„)/</) (L„), we must have —v(y) < — v(<f>T{y))- Applying this to 
our special point x, we have that —v(4>Ti {x)) > —v(x) + j for all < j < n. Since 
x + <fi°(L v ) is non-trivial, we have — j^ )V + c{4>) < log |a?| = — v(x) deg(v). But, since 
4>t^~ 1 {x) is 0T-generic, we also have 

-v(<f> T »-i (x)) deg(u) = log \<f) T n-i (x)\ < c{4>). 

Combining these, we have 

- j<j>,v + c{4>) + (n — 1) deg(u) < —v{x) deg(w) + (n — 1) deg(v) 

< -w(0 T „-i(x))deg(w) < c{(j>), 

and hence 

n-l< ~7~^~7~T = V{j<j,). 

deg(u) 

This is a contradiction if we choose an integer n with v(j$) + 1 < n < v(j$) + 2, 
and hence every additive subgroup of (p F3 (L v )/(j) (L v ) contains fewer than 

distinct elements. In particular, c/) F:! (L v )/(j) (L v ) itself contains fewer than this 
number of elements. □ 

Remark 4.10. An examination of the proof above shows that i never gets larger 
than n(s' — 1), where s' is the number of distinct slopes in the Newton polygon 
of 4>t, or equivalently, the number of distinct sizes of elements of 4>\T\. Since the 
bound in the lemma still ends up depending on s, however, this improvement does 
not seem particularly useful. 

5. DRINFELD MODULES OVER GLOBAL FIELDS 

In this section we let A and K be as in Section [2 and take L/K to be a finite 
extension. 

Definition 5.1. For any Drinfeld A-module <j)/L, we set 

S^a) = {veM° L :a (<j> F3 (L v ) / c/>° (L v )) ± {0}} . 
If, in addition, N > 0, then we set 

n{(j), N, o) = max 

SCM° 
#S<N 

where sums over empty sets take the value 1, and we take fi((p,N,a) — 1 by con- 
vention if the denominator vanishes. 

Informally, the inequality ji{(j> : N, o) > e may be described as follows. If breaks 
on h{j^) down into contributions from finite and infinite places, the inequality 
fi(<p, N,a) > e asserts that at least e of the finite part of the height comes from 
places where the component module FJ (L v ) / cj>° (L v ) is "small", annihilated by 



J2v£M°\{S^(a)US) 3<t>,v 
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a, and up to N other places. Note that, fixing <j>, the ratio /j,(<j>, N, a) is clearly 
non-decreasing in both variables, where the N are ordered as usual, and the o by 
divisibility. In particular, one has /j,(<p, N, a) = 1 by choosing either N to be the 
number of places of bad reduction for 0, or o to be the least common multiple of 
the annihilators of the component modules FJ (L„)/</>°(I/„) at the (finitely many) 
places of bad reduction of <j>. Indeed, in the first case Theorem 11.21 reduces to a 
result of Ghioca [6], that #<^ Tors (-L) in terms of the number of places at which 
4> has bad reduction. But it is straightforward to construct <f>/ L with as many 
place of bad reduction as one would like, and it seems likely that one could make 
<j> F:, (L v )/(j) (L v ) as large as one would like, too, although this remains open. The 
conditions of Theorem 1 1 . 2 1 are much weaker, however, requiring only that a certain 
proportion of (the contribution from finite places to) the height of j$ come from 
places where the component module is small, plus at most N other places. As we 
will see in Section [JJ this is essentially what Szpiro's Conjecture says for elliptic 
curves. 

Before proceeding with the proof of Theorem 11.21 we recast the statement of 
Conjecture 11.31 in the case N = 0. For any finite set S C Ml, let A^.s denote the 
5-free adeles of L, that is, the restricted product 

A/.< = j \ L v , 

veM L \s 

consisting of elements of the product whose entries are integral except at finitely 
many places. Note that the module structure <f>(L) extends naturally to a module 
structure ^(A^s), and we write fj (Als) for those elements a £ (f>(Az t s) such 
that a v £ (f> FJ (L v ) for all v, and similarly for </) (Al,s)- 

Theorem 5.2. Conjecture \1.3l with N — 0, is equivalent to the following state- 
ment: There exists an ideal a C A such that for every Drinfeld A-module 4>/L of 
rank r, there exists a finite set S "D A/£° of places such that FJ (A£.s)/<^°(A£ i ,g) 
is a-torsion, and 

y2j<t>,v < - Y] U, v + { i - - ) KU)- 

We begin with a simple lemma which will allow us to consider only the case in 
which h(j^) is large. 

Lemma 5.3. For any B > 0, there is a uniform bound on #0 Tors (i) as <p/L varies 
over Drinfeld modules of rank r with h{j$) < B. 

Proof. As noted above, the height h on weighted projective space satisfies the 
Northcott property, and so in particular there are only finitely many j £ Mj\, r {L) 
with h(j) < B. It suffices, then, to prove the claim for any single value of 
j £ Ma^(L). But if <j)/L and ip/L satisfy j<j, = j^, then there is an a £ L scp 
such that m\) = 4>a. Furthermore, ofl _1 £ L for some k < r maxi<i< m {deg(Ti)}, 
if Tx, T m generate A as an F 9 -algebra. Theorem 3 of [TB] shows that #^ Tors (L) is 
bounded uniformly for twists of a fixed <f>/L over extensions of bounded degree. □ 

Proof of Theorem \ 1.0ft Invoking Lemma 15.31 we will assume that 

r— 1 

^ ' Ki<m 
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Suppose that, for some given a C A and N we have /i(</>, N, o) > 1/q, so that for 
some set S C M° containing at most N places, we have 

ueM£\(s^(a)us) »eif»\s 

Let Ti, ...,T m be a generating set for A as an F g -algebra. Applying Lemma l4~8l 
to X = a4> Tols (L) C Tors (L), we see that there is a subgroup F with 

#F > ( 9 -4r 2 Er=ideg(T0[L:A:]\ #x 



such that for every v G Af£°, every 1 < i < m, and every x G Y, we have either 
.x = 0, or else 

W*) > (1 - Q- 1 )^ ' g(grdcg ( Ta) - 1)2 l«g + IIT 1 !- 

Note that, for any place v G Ml,, the quantity j$ tV is simply the largest of the 
values v , and so we have 

A^,«(a:) > (1 - q~ 1 )j4,,v - S v 
for every non-zero x 6 F and every place v G M£°, where 

5 V = max — — , 7^ , p-r log + IT," 1 !. 

l<*<m g(^deg(T i )-l)2 



Similarly, we can apply Lemma 14781 to the places in S 1 to choose a subset Zcy 
with 

such that for all non-zero x £ Z and each dgS, we have 

<V,uOc) > (1 - - 5«. 

Note that for any x £ Z we have x G 4>°{L V ) for every v £ MjJ \ 5^, (a), since 
Z C o0 F,I (L), and a annihilates the component group <^> FJ (L)/0°(L) for each i> G 
M° \ S${a). So in particular, for v G M° \ 5^(a) and x € Z non-zero, we have 

On the other hand, for every v G M\, and so in particular for v G S$(a), we have 
the trivial lower bound 

\j>A x ) > - ( — — i — ) U,v 

So if /j,(<j>, N, a) > 1/q, we have by definition 
and 



o ' — ' ' — ' 

«SM£\S «£M£\(S^(o)US) 



7 i>eAi£\S DeAf£\(S^,(a)US) 
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and hence 

v£M L 

veM°\(SuS^{a)) tieS^(a) v£M£>US 



> 



> 



DeA/£\(SUS^,(a)) fSS^(a) V 9 / »6M»US 



v£M<l\S V y / \ y/ t,eA/0\5 »6M|°US t-eM L 



(7 



and so 



9 



7 1 



h(U) < <f a(a r _ 1)2 X de S^)- 

bEMi ' l<i<m 

This contradictions our assumption, and so it must be the case Y — {0}, and hence 
that 

#a0 Tors (L) < ( g -^ 2 (E™ 1 deg(T,)[L:K] + #S)^ _ 

But it is well-known that Tors ( J L)/a</> Tors (L) C (A/a) r , and so given that /j,(<f), N, a) > 
1/q, we have 

M Tms (L) < Norm(a) r (q-^Z^mL-.K]^ 

□ 

We now turn to the proof of Theorem 11.41 As mentioned in the Introduction, a 
more general result than Theorem 11.41 may be obtained with some more technical 
hypotheses. 

Theorem 5.4. Let L/K be a finite extension, let X/¥ q be a curve, let <f>/L(X) be 
a simple family of Drinfeld modules, such that the generic fibre has at least 3 places 
of genuinely bad reduction, suppose that q ^ 2,3, and fix B > 1. Then the family 
of fibres <pp with /3 € X(L) of inseparable degree at most B satisfies Conjecture ] 1.31 
In particular, #4>p 01 ' s (L) is bounded in terms o/deg;(/3). 

Proof of Theorems \1.4\ and \5.4\ We will define a map : X —> P N by setting 
J<t> = N (j$), where N : P™ -> P^ is the usual map 

[x : x 2 : ■ ■ ■ : x N ] ^ [x^"^" : x ™° w *- w " ...... x ^-*>»-x} , 

Since L/K is a finite rational extension, we have L = ¥ q c(C), for some rational 
curve C/F g e, and some integer e > 1. For each j3 we obtain an extension L/Lp 
with Lp — F q e(/3), which is in turn a finite extension of F = ¥ q ^(J^ o f3). We will 
denote by E the separable closure of F in L, so that L/E is purely inseparable, 
and note that Lp/Ep is also purely inseparable, where Ep = E n L/3. We have the 
following diagram, with degrees of extensions noted. 
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L 



E 




Ep 



deg a (J^,) 



F = W qC {J^of3) 



Note that the places of L over which (f>p has persistently bad reduction are 
precisely the places above the place of F corresponding to the point at infinity. We 
will denote this set of places by Sl, and similarly for the intermediate fields. Our 
hypothesis that the generic fibre has at least m q places of bad reduction, counted 
with multiplicity, corresponds to the statement that Y] v ^g deg(u) > m q , where 
we recall that m q — 3 unless q = 2 or q = 3, in which case m q — 5 or m q = 4, 
respectively. 

We recall, for convenience, the behaviour of places in purely inseparable exten- 
sions from [2TJ Proposition 7.5, p. 81]. 

Lemma 5.5. Let Fij F\ be a finite extension of function fields with perfect constant 
fields, and let F c C F2 be the separable closure of Fi in Fi. Then gpc = gp 2 , and 
for every place w G Mf<=, there is a unique place v £ Mp 2 above v, and this place 
satisfies deg(u) = deg(w) and e v (F2/F c ) = [F 2 : F c }. 

In particular, we have 



since every one of these places corresponds to a unique place of Lp of the same 
degree. 

Identifying places of L with ¥ q e -rational divisors on C, we note that the places 
of persistently bad reduction of <f>p, that is, those with j^,g tV > 0, are precisely 
those appearing as summands in the pole divisor of o [3. More specifically, every 
v G Ml appears in this divisor with coefficient (Y[ Wi) v(j^, fi ), where the Wi are the 
weights defining the projective space over L in which j^^ resides. For brevity, we 
will write W = J] Wi- Note that Whij^) = deg(J o 0) = [L : F]. We will also 
denote by Sf the set of places corresponding to Supp(if), and by Se and Sl the 
sets of places of E and L, respectively, lying above these. 

We now apply the Riemann-Hurwitz Formula \21\ p. 90], much as in the proof 
of [2H Theorem 7.17], to obtain a bound on deg s (^) = [E : Ep]. Since [E : Ep] is 
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separable, we have 
2g E - 2 



> -2[E : 


Ep}- 


f Y (e v (E/E )-l)deg(v) 






v£M E 


> -2[E : 


Ep]- 


f Y, (e v (E/E p )-l)deg(v) 






v£Se 


= -2[E : 


Ep] - 


f Y e v (E/Ep)deg(v)- Y de §( v ) 






v&Se v£Se 


= -2[E : 


Ep] - 


f y \- E : E ^ de §w - E de g( u ) 



vESeq vGSe 

= (m-2)[E:Ep\- Y de g( u )> 

v<£S E 

where m = m q = deg^ J^). 

Now, again by Lemma [531 every place of E lifts to a unique place of L of the 
same degree, and g E — 9e- At the same time, [E : Ep] = deg s (/3), and so we obtain 

(3) (deg s ( J+) - 2) deg s (/3) < 2g L - 2 + Y de §(«)- 

Now, for any (3 G and any integer x > 1, let 

Sx = {«£ M£ : < v(j^) <x}C S L , 

where we will eventually take x to be very large. Note that for v £ S x we have 
#0 FJ (Lt,) / (L v ) bounded in terms of x, by Lemma l4~9l In particular, since there 
are only finitely many A-modules of a given (finite) size, there is an ideal a C A, 
which depends on x, such that a((/> FJ (L v ) / '<jp (L v )) = {0} for all v G S x . We claim 
that, if x is large enough, then fi(<pp,0, a) > 1/q for all but finitely many f3 e X(L) 
of bounded inseparable degree. By the proof of Theorem ll.2l applied to this family, 
this gives a uniform bound on #0 Tors (L) for those values of (3. Of course this bound 
may be adjusted to accommodate the remaining finitely many fibres in the family. 
So we will assume that 

( 4 ) Y j<f>> v - Y i<f>> v < 1 1 Y 
«es x veMl\Sj,(a) veM° 

Note that, for any place v G Ml, since 

Wvfo) = v(J^ o 0) g e v (L/F)Z, 

we certainly have 

U P ,v > => W = Wu(j^)deg(«) > e v {L/F) deg(u). 

Noting that, by Lemma 15. 5[ every place of £ lifts to a unique place of L with 
ramification index e v (L/E) = [L : E], and so we have the weaker statement 

(5) j^, v > => W^,„ = Wu(j^)deg(«) >[£:£] deg(u). 
Now, note that inequality ([5]) gives 

(6) >^ deg(«) < Y JlTe]^ q~\LT~E\ 2. 
by inequality (j4)). 
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Similarly, inequalities (0 and ((4]) also imply 



1 W w v-^ 

(7) ^ deg(v) < ^ - ' JlTe\^ ± ^-E\ 2^ 

veM'l veM° L L J L 1 v£M° L 



Combining inequalities (J3J), (JSJ), and ©, and the fact that j^,g jV > for all 
v G Mi, we deduce that 

(deg s (J )-2)deg s (/3) < 2g L - 2 + £ deg(v) 

v£M L 
Up,v>0 

< 2g L -2 + de S(v)+ de sW 

veM'l veM° L 
0<i>(j« (3 )<a; v(j< l> p)>x 

f\ 1\ W ^ , 

< ^-2 + {- + -) ¥TW + [£:*] 



2g 



L 



2 + Q + ~) deg s (/3) deg s (J ) + [£. : if] . 



Re-arranging the above, with the assumptions of Theorem II .41 we have 
(8) (deg B W (l - I - I) - 2) deg s (/3) < 2g L - 2 + [L : K] < 0, 



g x 

as L is rational, and [L : K] < 2. As long as 

9>deg s (J )/(deg s (J )-2), 

which is certainly the case if deg s (J^) > m q , the left-hand-side of © is positive 
once x is larger than a quantity depending only on deg s (J^) and q. 

More generally, under the assumptions of Theorem l5.4[ the inequality ([5]) bounds 
^l(/3) = deg(/3) in terms of gL, [L : K], and deg;(/3). We may thus relax our 
hypotheses that L be a rational, at most quadratic, extension of K, if we are 
content with a bound on #(fip ors (L) which depends on deg ; (/3). 

□ 



Remark 5.6. It is also worth noting that the restriction [L : K] < 2 in Theorem ll.4l 
is only necessary because we might have > for infinite places v € Ml. If 

we rule out this possibility, by considering only fibres over f3 <E L such that <Sl,/3 
is disjoint from Af£°, then we obtain a uniform bound for any rational extension 
L/K. 



22 



PATRICK INGRAM 



6. Tate uniformization and the filled Julia set 

For the entirety of this section, we will assume that A = ¥ q [T] . 

In Section[3]we defined, given a Drinfeld module 4> over a complete, algebraically 
closed A-field C„, two submodules 4>°(C V ) C </> FJ (C„) of </f>(C„), with the property 
that (f>°(C v ) is the connected component of </> FJ (Ct,) containing the identity, where 
the closure here is relative to the topology on Ag crk . As we are motivated in 
part by the analogy with the elliptic case, we will recall a basic fact about the 
component group E/E° of an elliptic curve over an extension of Q p . Since every 
elliptic curve, after some finite extension of the base, and a change of coordinates, 
has split multiplicative reduction, we will consider that case. We refer the reader 
to [23J Ch. IV, V] for more details. 

Theorem 6.1 (Kodaira, Neron, Tate). LetL/Q p be a finite extension, and letE/L 
be an elliptic curve with split multiplicative reduction. Then if E° is the connected 
component of the Neron model of E containing the identity, we have 

E(C P )/E°(C P ) S Q/Z 

and 

E(L)/E°{L) = Z/NZ, 

for some N G Z. 

Indeed, the value N in the theorem is —v(je) but it is, in many cases, enough to 
know simply that E(L)/E°(L) is finite, and is trivial in the case of good reduction. 
The aim of this section is to prove an analogous result for filled Julia sets of Drinfeld 
modules at finite places. The natural replacements for Q and Z are, of course, K 
and A. We know already that if L/K v is a finite extension, then FJ (L)/0°(L) 
is a finite A-module, trivial if <fi has (potentially) good reduction. Recall that the 
Drinfeld module <p/L has stable reduction of rank s if the coefficients of <p a {x) are 
integral, for every a £ A, and if the reduction of 4> modulo the maximal ideal 
induces a Drinfeld module on the residue field, and this Drinfeld module has rank 
s. We note that this is the same as requiring that lovsome non-constant Tei, 
4>t{x) has integral coefficients, the coefficient corresponding to sdeg(T) is a unit, 
and the coefficients corresponding to higher indices are not. We will say that <p/L 
has potentially stable reduction of rank s if there is a finite extension of L, and a 
change of variables, after which </> has stable reduction of rank s. Every Drinfeld 
module has potentially stable reduction. 

Theorem 6.2. Let L/K v be a finite extension, where v £ M^, and let <p/L be 
a Drinfeld module of rank r, with stable reduction of rank r — s, and let C„ be a 
completion of an algebraic closure of L. Then 

FJ (C t ,)/^°(C„) Si (K/A) s , 

as A-modules, and there exist non-zero ideals a\, ...,a s £ A such that 

dp Fi {L)/^{L) = A/axA • • • © A/a s A. 

Note that, in the elliptic curve case, we know that E(L)/E°(L) = Z/NZ, where 
N = v{je) (in the semi-stable case). In the Drinfeld module context we do not 
obtain as strong a bound, although we do have deg(a^) bounded in terms of v(jj,, 
by Lemma T4.9I above. 
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Much as the characterization of the component group of the special fibre of the 
Neron model of an elliptic curve over a non-archimedean field can be obtained 
from the theory of Tate uniformization, our characterization in the case of Drinfeld 
modules makes use of the analogous theory. 

Let tp/C v be a Drinfeld module or rank n, and let A C ip(C v ) be a lattice of 
rank s. That is, let A C ip(C v ) be a submodule of rank s such that A n D is finite, 
for any disk D. We define an exponential map associated to A by 



e A (x) = x J] (l - I) 



The following theorem is due to Drinfeld 5, Proposition 7.2]. 

Theorem 6.3. There is a one-to-one correspondence between isomorphism classes 
of Drinfeld modules <fi/C v of rank r and potentially stable reduction of rank r± < r 
and pairs (tp, A) as above, where ijj/C v has rank r\ and potentially good reduction, 
and A has rank s = r — n . 

One proves this by constructing a Drinfeld module <f>/C v such that 

eA(i>a(x)) = 4>a{eh{x)) 

for all x S C v and all a £ A, and showing that every <p/C v with potentially stable 
reduction of rank n is obtained in this way. 

We note that if i/}/C v has good reduction, and A C ip(C v ) is a lattice, then 
A R O v is finite, since O v is the disk D(0, 1). On the other hand, since ip has good 
reduction, A fl O v is a submodule of ip(C v ), and so must be a torsion module. It is 

r deg{a) 

also the case that elements u) £ A \ O v are non-torsion, since \ip a (x)\ = \x\ q 
whenever |x| > 1. In other words, in the decomosition A into the direct sum of a 
torsion submodule A Tors with a free module of rank s, we have A Tors = A n O v . 

It turns out that we may choose a basis for the free part of A in a way which 
makes the local height easy to describe. The following lemma has its origins in 
Lemma 4.2 of [28]. 

Lemma 6.4. Let ip/C v have rank r\ and good reduction, and let A C C, be a 
ili-lattice of rank s. Then there exists a basis u>i, ...,u) s for A/A Tors such that for all 
oi, ...,a s £ A and £ G A Tors , 



(9) log 



max{|oi|^ log |wi|, |o a |^ log |w a |,log |C|} 



Proof. Let Ao = A Tors , and for each i > 1, choose u>i £ A \ Aj_i of minimal 
absolute value. Let A; C A be the submodule generated by We will 

prove, by induction, that dim^(Aj <2>a K) — dim(Ai_i ®a K) + 1, and that the 
collection u)\,...,u)i satisfies (]9]). Note, in particular, that the first assertion shows 
that the construction terminates with A s — A. 

First, note that if u)\ £ A \ Ao then, as noted above, u>\ is non-torsion. It follows 
that dim(Ai ® A K) = 1. Also, since \ > 1 and |^| < 1 for all ^ £ A Tors , we have 

loglV'a(wi) +£| = |a|^log|tJi > 

unless a = 0, in which case log \tp a (u}i) + £\ = log |^| < 0. This proves © for Ai. 

Now, suppose that the assertions hold for all i < k, consider uj^ £ A \ Afc_i 
of minimal absolute value, and let Afe be the submodule of A generated by Afc_i 
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and ujk- First suppose that dim(Afc (gu K) = dim(Afc_i <E>a K). Then there exist 
oi, Ofc-1,6 6 A and £ £ A^Tors sucn ^hat 



fe-i 



Now, for each i, write aj = ba + di with deg(di) < deg(6), allowing c, = 0. We then 
have 



fc-i 



fc-1 



^2 ^* + ^ = ^6 ( - V'c, (c- 



In particular, 
fc-i 

log Wfc - 2jV>Ci(Wi) 

2 = 1 



fc-1 



= |6|- pi inax{|d 1 |Slog|a;i| ) ...,|dj k _i|Slog|w*-i| > log|C|} 
< max{log|wi|,...,log|wfc_i|} < log|w fe |, 

since |6|oo > |dj|oo 5 for all i, and since had minimal absolute value in A \ Aj_i. 
This contradicts the minimal size of wu amongst elements of A \ A&_i. So we must 
have dim(A fc ® A K) = dim(A fc _i ® A K) + 1. 

Now, we wish to show that ([5} holds for A/., that is, that for all 01, —,a/s G A 
and £ € A Tors , we have 



8=1 



m ax{|aiQlog|wi|,..., |a fc Qlog|w fc |,log|£|} 



If this fails for some choice of a\,...,ak £ A, then we must have a k ^ 0, lest we 
contradict the induction hypothesis. Similarly, we must have 

MS log K| = max{|ai|£ log |wi|, \a k -i\2 log \u k -i\} , 
or else the equality holds from the ultrametric inequality. If © fails, we have 

k 

log 5^0o«(wO+£ < l«fcQlog|wfc|. 

i=l 

Now, for each 1 < i < — 1, let dj = a^Cj + di with deg(di) < deg(afc). Then we 
have 

fc fe-i / fc-i \ 

^2 a i + £ = ^2 4>d i (u i ) + £ + 0a k i^k + ^2 0°* ■ 
1=1 1=1 V »=i / 

Since 



log 



fc-i 



:{|d 1 |Slog|w 1 | ) ...,|d fc _ 1 |S,|C|}<klSlogKI, 



it must also be the case that 



log 



fc-i 



^a fc w fc + 51^'^) 



i=l 



< |afe|^log|wfc|, 
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as well. But this implies 

fc-i 



8 = 1 

contradicting the minimality of |wfc| amongst members of A \ A^-i. By induction, 
the lemma holds. □ 



The proof of Theorem 16.21 comes in three lemmas. 

Lemma 6.5. Under the hypotheses of Theorem \ 6. 21 the A-module FJ (L)/0°(L) 
is finite. 



Proof. Lemma 14.91 gives a bound on the size of the component module, but was 
proven under the assumption that L is a finite extension of the completion of K at 
some place. It is not hard to modify the proof, or to simply note that F,I (L) is 
contained in a disk of finite radius, while <j)°(L) contains a disk of positive radius. 
Since L is the fraction field of a discrete valuation ring, this is enough to ensure 
that FJ (L)/0°(L) is finite. □ 

Note that, from the proof of Lemma 16. 51 we may work out an explicit upper 
bound on the size of <p FJ (L)/4>°(L) in terms of various data relating to <fi/L. In 
Section [5] we will work out a sharper bound, which uses more information than the 
trivial estimate on the smallest disk containing </> FJ (L). 

We may now establish the characterization of </> FJ (C„)/</> (C„). 

Lemma 6.6. Let (f>/L have potentially stable reduction of rank r — s. Then 

<t> F3 (C v )/<t>°(C v ) = (K/A)> 

as A-modules. 

Proof. Again, without loss of generality, we suppose that <j)/L has stable reduction. 
We first note that, by definition, L is dense in C . So if z G <jf (C„), then there 
is some w £ L with \z — w\ v < 1. But then w G </> FJ (L), and z and w represent 
the same coset in FJ (C„)/</>°(C u ). This shows that the natural map FJ (L) — > 
4> FJ (C V )/4>°(C V ) is surjective. For any sub-field F C C„, we have (f>°(F) = F D 
D(0, 1), and so the kernel kernel of this map is 4>°(L), ensuring 

fj (c,)/Ac,)-0 fj (I)/<Al). 

Now, by Lemma IB~5| we know that (jF 3 {L)/4P(L) is a finite A-module, and this ap- 
plies as well to any finite extension of L. In particular, it follows that FJ (C 1 ,)/0°(C 1 ,) 
is a direct limit of finite modules, and so is a torsion module. 

Now, let (ij), A) the Tate datum associated to 4>/C v by Theorem 16.31 so that 
tp/C v has good reduction, and e o ip = <j) o e, for 

(10) e(z) = z J] (l - £ 



u6A 



Note that e : C v —> C v is a surjective homomorphism with kernel A. Now, let 

H A = {z e ip(C v ) : ip a {z) e A for some a e A \ {0}} , 

a submodule of ip(C v ), and let O v C C v denote the ring of integral elements of < 
We will show that e induces an isomorphism 

(H A + O v )/(A + O v ) ^ FJ (C t ,)/0°(C t ,), 
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and then study the former A-module. 
Note that for any z G C v we have 



\e(z)\ = \z\l[\l-~ 



< \z\ 



and so e(A + O v ) C O v — (j) (C v ). On the other hand, suppose that \z\ < \z — u>\ 
for all uj G A. Then 



\e(z)\ = \z\ Hi 1 ' 1 , 



= | z |#{"eA:| w |<| 2 |}^ 



Since every coset z + A has a representative with this property, if z £ A + O v we 
have \e(z)\ > 1. In other words, e(C v \ (A + CC,\ O v . But e is surjective, 
and so we must have e(A + O v ) — O v . 

Since ip has good reduction, ip a (O v ) C 0^ for all aei. As a consequence, if 
z G i?A + then for some non-zero a € A, we have ip a ( z ) E A + O v , and hence 

0«(e(*)) = e(^,(2)) € e(A + 0„) - 0°(C). 

But <^a(^) G FJ (Cd) for any non-zero a G A implies a; G <^ FJ (C„). To recapitulate, 
we have shown that 

e{H A + O v ) C <£ FJ (C„). 

In fact, this inclusion is an equality. Suppose that a; G 4> F3 (C V ). Since (/) FJ (C„)/0°(C t , 
is torsion, there is some non-zero a G A such that ^> a (x) G 4>°(C V ) = e(A + O v ). In 
particular, (f> a (x) = e ( z ) for some z G A + C„. Now, choose id£C„ with ip a (w) = z. 
Then <f> a (x) — cj> a (e(w)) — 0, and so x — e(w) G <fr[a]. But </>[a] is the image under e 
of + ^[a] C iJA + Cu, since ^ has good reduction. So x — e(w) G e(H A + O v ), 
whence x G e(H A + O v ). 

We now have a surjective homomorphism 

e:H A + O v ^<f> ¥3 {C v )/<fP{C v ) 

and, since e(A + O v ) — O v = 0°(C„), we see that the kernel of this map is precisely 
A + O v . In other words, we have established the claim that 

(F A + 0„)/(A + O v ) -> FJ (C„)/</) o (C„). 

Note that since ip(O v ) C C„, and since A n C„ = A Tors , we must have 7?a n 0„ = 
■0 Tors (C 1J ). It now suffices to describe 

(H A + O v )/(A + O v ) = (H A + A + O v )/ (A + O v ) 
= H A /(H A n(A + O v )) 
= H A /(A + i, Tms (C v )), 

since A C H and H (~\O v = i> ToIS (C v ). 

If wi, uj s is a basis for A over A Tors , as in Lemma T6.41 we define a map 

* :K S -> i/ A /(A + V Tors (C„)) 

by setting 

tf (a*, ...,&,) = y + (A + ^ Tors (C„)) if and only if ^Vz^i) + £ = 



THE FILLED JULIA SET OF A DRINFELD MODULE 



27 



for some £ G A Tors , whenever d G A satisfies X{d G A for all i. First we must show 
that this is well-defined, so fix x\ 1 x s G K and di, di G A such that Xidj G A for 
all i and j, and suppose that V'd,-*, + £7 = V'dj (Vj) f° r i = 1, 2. Then we have 

ipd 2 di(yi) = ^ipdidixiiui) +£,1= i-'d 1 d 2 {y2) +6 -6, 

and hence ipd 2 d 2 (yi ~ V2) G A Tors , whereupon y 1 - y 2 G ^ Tors C A + ^ Tors (C^) 

The map \P is also clearly surjective, by the definition of H. It remains to 
compute ker(^>). But if 

*(x 1 ,...,x s )-0+(A + ^ Tors (C„)) 

then we have some d G A such that dxi G A for all i, some £ G A Tors , and some 
w + (eA + ip Tois (C v ) such that 

ipdxi&i) +£ = + 

If a; = J2 Vat + for a.ei and f G V> Tors (C„), then we have 



/Tors 



If follows that both sides vanish, and hence Xi — <Zj G A for all i. In other words, 
ker(4 f ) = A s C X s , proving the lemma. □ 

Lemma 6.7. Le£ L/ K v be finite. Then there exist on G A such that 

s 

<f> FJ (L)/^(L)=@A/a t A 

as an A-module. 

Proof. This follows immediately from the fact that FJ (L)/</>°(L) is isomorphic to 
a finite submodule of {K/A) s . □ 

7. Elliptic curves 

We conclude with some more details on the analogy between Conjecture II .31 and 
the case of elliptic curves. Let F be number field, let E/F be an elliptic curve, 
and let je, v = log + \je\vi f° r every normalized valuation v G Mp. Then j^ iV is 
analogous to je,v in that both are non-negative, vanish just in the case of potential 
good reduction (for finite places) , and sum over all places to give the height of the 
moduli representative of the isomorphism class. 

Now, for each ideal a C Z, let 

S E (a) = {ve M° : a(E(F v )/E°(F v )) ± {0}}, 

and let 

T,veM°\(S E ( a )US)i F v : <®v]3E,v 

H{E,N,a) = max =^ — — — — . 

#S=N K 

We have, as above, < fi(E,N,a) < 1, with equality on the upper bound if N is 
sufficiently large, or if a is sufficiently divisible. 
The following argument comes directly from 
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Proof of Theorem ] 1. 7| Again, for simplicity, wc will define dcg(w), for every v £ 
Mp, such that log \x\ v — —v(x) deg(w). We have, by definition, 

log | Norm F/Q A E \ = a{E/ F) log | Norm F/Q f E \ . 

Since E is semi-stable, for each valuation v we have v(/e) = 1, HE has bad 
reduction at v, and v(/e) — if E has good reduction. Also, E(F V )/E°(F V ) is 
cyclic of order v{je), and so if a = (n!)Z, then we have > n for all t> G S'e(o). 

It follows that 

E [i^ : Q«]j.E,« = log | Norm F/Q A £ 

= a(E/F) log | Norm F /Q / F | 

= a(£/F) E : Qr,] deg(«) 

»eM»\S s (a) 

+ ( t( j B/ j F) E [F v : Q v ] deg(u) 

< E [F„ : Q„]j B ,„ 

fej\/o\s E (o) 

+ ( t( j B/ j F 1 )- V [f w : Q v ]jE,v 
n * — ' 

veS E (a) 

= a(E/F) E ^ : ^}j E ,v 
»eM»\S E (a) 



f E : - E 

' \»eMj v£M°\S E {a) 



and so 



\JE,v 



□ 
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